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Abstract
Sufficient conditions are obtained that guarantee the existence of at least two positive solutions for the p-Laplacian difference
equation [φp(u(t −1))]+a(t) f (u(t)) = 0 subject to boundary conditions by a simple application of a new fixed point theorem
due to Avery and Henderson.
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1. Introduction
Let R denote the real numbers, Z the integers and R+ the positive real numbers. Given a < b in Z , let
[a; b] = {a, a + 1, . . . , b}. Let T ≥ 1 be fixed.
Consider the following p-Laplacian difference equation:
[φp(u(t − 1))] + a(t) f (u(t)) = 0, t ∈ [1, T + 1], (1.1)
satisfying the boundary conditions
u(0) = u(T + 2) = 0, (1.2)
where φp(s) is a p-Laplacian operator, i.e., φp(s) = |s|p−2s, p > 1, (φp)−1 = φq , 1p + 1q = 1, and f : R+ → R+ is
continuous, a(t) is a positive valued function defined on [1, T + 1].
Recently, by using a fixed point index theorem, He [1] has studied the existence of two positive solutions of (1.1)
and (1.2). Motivated by this and some recent investigations in [2–5], our purpose in this work is to study the existence
of multiple positive solutions of (1.1) and (1.2). Our main result will depend on an application of a fixed point theorem
which deals with fixed points of a cone-preserving operator defined on an ordered Banach space.
The organization of this work is as follows. In Section 2, we make some preparations. In Section 3, by using the
fixed point theorem, we get that the problem (1.1) and (1.2) has at least two positive periodic solutions.
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2. Preliminaries
For convenience, we present an appreciably generalized form of the Leggett–Williams [6] fixed point theorem
given by Avery and Henderson [7].
Let X be a Banach space and P be a cone. Every cone P ⊂ X induces an ordering in X . We define “≤” with
respect to P by x ≤ y if and only if y − x ∈ P . Let δ : P → [0,+∞) be a nonnegative continuous increasing
function and
P(δ, d) = {x ∈ P : δ(x) < d},
∂ P(δ, d) = {x ∈ P : δ(x) = d},
P(δ, d) = {x ∈ P : δ(x) ≤ d}.
Lemma 2.1 ([7]). Let X be a real Banach space, P a cone of X, γ and α two nonnegative increasing continuous
maps, θ a nonnegative continuous map and θ(0) = 0. There are two positive numbers c, M such that
γ (x) ≤ θ(x) ≤ α(x), ‖x‖ ≤ Mγ (x) for x ∈ P(γ, c).
Again, assume that T : P(γ, c) → P is completely continuous, there are positive numbers 0 < a < b < c such that
θ(λx) ≤ λθ(x) for all λ ∈ [0, 1] and x ∈ ∂ P(θ, b)
and
(i) γ (T x) > c for x ∈ ∂ P(γ, c).
(ii) θ(T x) < b for x ∈ ∂ P(θ, b).
(iii) α(T x) > a and P(α, a) = ∅ for x ∈ ∂ P(α, a).
Then T has at least two fixed points x1 and x2 ∈ P(γ, c) satisfying
a < α(x1), θ(x1) < b, b < θ(x2), γ (x2) < c.
We proceed from (1.1) and obtain
[φp(u(t − 1))] = −a(t) f (u(t)),
after adding from 1 to s, we have
s∑
i=1
[φp(u(i − 1))] =
s∑
i=1
−a(i) f (u(i)),
and then
φp(u(s)) − φp(u(0)) =
s∑
i=1
−a(i) f (u(i)),
from the definition of the p-Laplacian operator and (1.2), we obtain
u(s) = φq
[
s∑
i=1
−a(i) f (u(i))
]
, (2.1)
and then adding (2.1) from t to T + 1 and noticing (1.2) one can see that
u(t) =
T +1∑
s=t
φq
[
s∑
i=1
a(i) f (u(i))
]
, t ∈ [0, T + 2].
Let
X = {u : [0, T + 2] → R,u(0) = u(T + 2) = 0},
with norm ‖u‖ = maxt∈[0,T+2] |u(t)|; then (X, ‖ · ‖) is a Banach space.
Y. Li, L. Lu / Applied Mathematics Letters 19 (2006) 1019–1023 1021
Define a cone P by
P = {u ∈ X : u(t) ≥ δ(t)‖u‖, t ∈ [0, T + 2]; u(t) is decreasing on [0, T + 2]},
where δ(t) = 1 − tT +2 , t ∈ [0, T + 2].
Define a mapping F : P → X by
(Fu)(t) =
T +1∑
s=t
φq
[
s∑
i=1
a(i) f (u(i))
]
, t ∈ [0, T + 2].
It is obvious that Fu is decreasing and F : P → P is completely continuous (see the proof of Theorem 3.1 in
Ref. [1]).
In the following, fix η and r ∈ Z such that 0 ≤ r < η ≤ T + 2 and then define the nonnegative, increasing
functions γ , θ , α by
γ (u) = min
r≤t≤η u(t) = u(η),
θ(u) = max
η≤t≤T+2
u(t) = u(η),
α(u) = min
0≤t≤r u(t) = u(r),
for every u ∈ P . We see that γ (u) = θ(u) ≤ α(u). Moreover, for any u ∈ P , we have
γ (u) = u(η) ≥ δ(η)‖u‖ =
(
1 − η
T + 2
)
‖u‖,
and thus
‖u‖ ≤ T + 2
T + 2 − ηγ (u) for all u ∈ P.
We also find that
θ(λu) = λθ(u) for λ ∈ [0, 1] and u ∈ P(θ, b).
Finally, for notational convenience, we give some notation:
λη =
T +1∑
s=η
φq
(
s∑
i=1
a(i)
)
, ξη =
T +1∑
s=η
φq
(
s∑
i=1
a(i)
)
, and λr =
T +1∑
s=r
φq
(
s∑
i=1
a(i)
)
.
3. Main result
We are now in a position to state and prove the main result of this work.
Theorem 3.1. Let a > 0, b > 0, c > 0 satisfy
0 < a <
λr
ξη
b <
1
T + 2 ·
λr
ξη
c
and have f satisfy the following conditions:
(A) f (u) > φp( cλη ) for cT +2 ≤ u ≤ c,
(B) f (u) < φp( bξη ) for bT +2 ≤ u ≤ b,
(C) f (u) > φp( aλr ) for aT +2 ≤ u ≤ a.
Then the boundary value problem (1.1) and (1.2) has at least two positive T -periodic solutions u1, u2 such that
a < α(u1), with θ(u1) < b and b < θ(u2), with γ (u2) < c.
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Proof. By the above deduction, we know that F : P(γ, c) → P and F is completely continuous. Now, we show that
(i)–(iii) of Lemma 2.1 are satisfied.
First, we prove that (i) of Lemma 2.1 is satisfied. For u ∈ ∂ P(γ, c), we have
γ (u) = min
r≤t≤η u(t) = u(η) = c
and
u(t) ≥ δ(t)‖u‖ ≥ δ(t)u(η) =
(
1 − t
T + 2
)
c ≥ c
T + 2 , t ∈ [0, T + 1],
and hence
c
T + 2 ≤ u(t) ≤ c, t ∈ [η, T + 1].
As a consequence of (A),
f (u(t)) > φp
(
c
λη
)
, for t ∈ [η, T + 1].
Therefore,
γ (Fu) = (Fu)(η)
=
T +1∑
s=η
φq
[
s∑
i=1
a(i) f (u(i))
]
>
c
λη
T +1∑
s=η
φq
[
s∑
i=1
a(i)
]
= c.
Next, we prove that (ii) of Lemma 2.1 is satisfied. Let u ∈ ∂ P(θ, b); then
θ(u) = max
η≤t≤T+2 u(t) = u(η) = b,
and moreover
u(t) ≥ δ(t)‖u‖ ≥ δ(t)u(η) =
(
1 − t
T + 2
)
b ≥ b
T + 2 , t ∈ [η, T + 1].
Thus
b
T + 1 ≤ u(t) ≤ b, t ∈ [η, T + 1].
So, by (B) we have
f (u(t)) < φp
(
b
ξη
)
, for t ∈ [η, T + 1],
and so
θ(Fu) = (Fu)(η)
=
T +1∑
s=η
φq
[
s∑
i=1
a(i) f (u(i))
]
<
b
ξη
T +1∑
s=η
φq
[
s∑
i=1
a(i)
]
= b.
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Finally, we prove that (iii) of Lemma 2.1 is satisfied. We note that u(t) = a3 , 0 ≤ t ≤ T + 2, is a member of
P(α, a) so P(α, a) = ∅. Now let u ∈ ∂ P(α, a); then
α(u) = min
0≤t≤r u(t) = u(r) = a,
and
u(t) ≥ δ(t)‖u‖ ≥ δ(t)u(r) =
(
1 − t
T + 2
)
a ≥ a
T + 2 , t ∈ [r, T + 1].
Thus
a
T + 2 ≤ u(t) ≤ a, t ∈ [r, T + 1].
So, by (C) we have
f (u(t)) > φp
(
a
λr
)
, for t ∈ [r, T + 2],
and then
φ(Fu) = (Fu)(r)
=
T +1∑
s=r
φq
[
s∑
i=1
a(i) f (u(i))
]
>
a
λr
T +1∑
s=r
φq
[
s∑
i=1
a(i)
]
= a.
Hence, by Lemma 2.1, we know that BVP (1.1) and (1.2) have at least two positive periodic solutions u1, u2 in P(γ, c)
such that
a < α(u1), with θ(u1) < b and b < θ(u2), with γ (u2) < c.
The proof is complete. 
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